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The Vietoris-Rips complex

We've seen how the Vietoris-Rips complex is used to compute the
persistent homology of a dataset, viewed as a point cloud in RY.

For each ¢, we create a simplicial complex R. whose n-simplices
correspond to sets of n points whose pairwise distances are all less than or
equal to €, and compute its simplicial homology.
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But what /s this simplicial complex? What topological space are we
relate to our point cloud?

describing when we compute these homology groups, and how does it
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regular hexagon:

Consider the following point cloud in R?, consisting of the vertices of a
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Let these be the closed discs around the points of radius 5, so each vertex

is less than e away from all others, except the one directly opposite itself:
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The Vietoris-Rips complex

So what simplices do we get in the Rips complex R, for this point cloud?

@ For n > 3, any set of n+ 1 vertices must include at least one pair of
opposite vertices, hence they will not all have pairwise distance less
than or equal to €. So R, has no n-simplices.

@ For n =2, we see that any set of three points, none of them opposite,
spans a 2-simplex.
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The Vietoris-Rips complex

@ For each vertex v, there are four ways to choose a pair of
non-opposite points, excluding the vertex opposite v. Thus there are
four triangles meeting at each vertex, for a total of eight triangles.

o Similarly, given an edge uv, there are two ways to choose a third
vertex, excluding those opposite u and v. Thus two triangles meet at

each edge.
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octahedron.

So the realization of this simplicial complex is the boundary of an

(Image source: Wikipedia, “Octahedron”. Originally uploaded by user “Cyp".)
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The Vietoris-Rips complex

So in this example, the complex we got had the homotopy type of S2. But
52 can't be embedded in R2. When we talk about “the shape of the
data”, we'd like to think of a cloud of points in R? as living in some kind
of d-dimensional space.
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The Cech complex is a simplicial complex which we can associate to a

point cloud {p;}1<i<n in RY, which has some nice topological properties.
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The Cech complex

For a fixeg €, consider the closed balls of radius % about each point in the
dataset, B.(pj).

For each n, we define the n-simplices of the simplicial complex C, to be

no _
the sets of n+ 1 points {pj, }o<k<n such that () Bs(p;,) # 0.
k=0

As with the Rips complex, face maps simply omit points.
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points in R? look like?

To return to our example, what would the Cech complex of those six
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We lose the two opposite faces of the octahedron corresponding to triples
of non-adjacent points, but keep all the rest. Thus we get something
homtopy-equivalent to S*.
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cloud?

So what makes this complex a better topological model for the point

The nerve theorem provides the answer.
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The Nerve Theorem

Given a cover U (not necessarily open) of a space X, the nerve of U is a
simplicial complex MU whose n-simplices consist of sets of n+ 1 elements
of U with non-empty intersection.

The Cech complex C. is thus the nerve of the collection of closed discs of
radius 5 around the points of the cloud, thought of as a cover of its union.
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The Nerve Theorem

There are many distinct theorems which go by this name. The most
commonly cited one is:
The Nerve Theorem

If X is a paracompact space, and I/ is an open cover of X such that the
intersection of any finite subfamily of U/ is either empty or contractible,
then the realization of the nerve of U is homotopy equivalent to X.
(Hatcher, section 4G.)

More relevantly for our purposes:

The Nerve Theorem

Let U be a collection of closed balls in R?; then the realization of the
nerve of U is homotopy equivalent to | J,/;, V. (Oudot, section 4.3; see
also Borsuk).

B. Doherty (UWO) The Cech complex May 24, 2018 16 / 43



(Image source: Chazal and Michal, “An Introduction to Topological Data Analysis”.) o
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The Nerve Theorem

Note that the dimension of the Cech complex can still be larger than d —
for sufficiently large €, we get an (N — 1)-simplex, where N is the number
of points in the cloud.

But the Cech complex still “behaves’ like a subspace of RY, in that it is
homotopy equivalent to such a subspace, and thus has all the same
homology groups.
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Computations

So why not just compute persistent homology using the Cech complex?
Why bother with the Rips complex at all?

Computing with the Cech complex is difficult — we must remember either
the entire complex and its boundary operator, or the precise distances
between vertices.

The Rips complex is a flag complex, meaning that a set of n+4 1 vertices
spans an n-simplex if and only if any two of them span a 1-simplex. Thus
it's completely determined by its 1-skeleton.
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Computations

So rather than storing the entire Rips complex in memory, we can just
store the 1-skeleton and reconstitute higher simplices as necessary when
computing homology.

Example: When computing the nt" homology, any unfilled n+ 1 simplex in
R™ is indeed the boundary of an (n + 1)-simplex in R™1, while identifying
boundaries in C, requires precise knowledge of distances, which cannot be
determined from the 1-skeleton.
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Relating the Cech complex to the Rips complex

Fortunately, these nice properties of the Cech complex can tell us
something about the Rips complex as well.

If the closed balls of radius § about a set of n points intersect, then the
points must have pairwise distance less than or equal to € by the triangle
inequality. So we have an embedding C, — R..
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Furthermore, if n+ 1 points are within distance § of one another, then

each of them is contained in the intersection of the closed balls of radius
5- Thus we also have an embedding Rs — C.

i
it
-
it
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Relating the Cech complex to the Rips complex

So for any €, we have a chain of embeddings:

C§<—>R§c—>C€<—>RE

So if a particular topological feature (e.g., a homology generator) persists
from € to € in the Cech complex, then it also appears as a persistent
feature of the Rips complex, and vice-versa, provided that % > 2.

To see this, observe:

C— R — Ry — Cu
2

R — Coe — Co — Ry
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Relating the Cech complex to the Rips complex

. ! .
In fact, we can acheive an even lower bound on <, using a result of de

Silva and Ghrist. They show that we have inclusions:
Ce = Re — Cye

where v4 = dz—fl. In particular, we thus have inclusions
C— R — Cﬁe regardless of the dimension d.
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Proof of the bound

The statement of the theorem is equivalent to saying: if the pairwise
distances of a collection of points {xg, ..., xg} in RY are all less than or
equal to ¢, then there is some point within distance 5 " of all the x;,

provided that < < > dzfl

First, consider the case d’ < d. Define f : RY — R by

f(y) = maxo<i<g||xi — y||. This function is continuous, and tends to 400
as y — 00. Thus f has some global minimum, say f(yo).

Define the critical vertices to be the x; such that ||x; — yo|| = f(v0)-
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Proof of the bound

Now we will show, by contradiction, that yy lies within the convex hull of
the critical vertices.

If it did not, then they would be separated by some hyperplane H, and
there would be a vector v, normal to H, such that v - (x; — yo) > 0 for all
critical x;.
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could calculate:

Suppose there were such a v; then for any critical x; and any A > 0, we

[ = yoll? = [1x: = (yo + Av)||* + 2v - (x: — yo) + [|Av][?

> Ixi = (yo + AV)|[?
So for a sufficiently small A we would have f(yo — Av) < f(y),
contradicting the minimality of f(yp).
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Proof of the bound

So yp lies within the convex hull of the critical vertices x;. For each i, let
Xi = x; — yo; then 0 is within the convex hull of the critical X;.

d//
Relabeling if necessary, we can find a convex combination ) a;%; = 0,

i=0
where each x; is critical, all a; are positive, and ag > a; for all J.

Rearranging, we get:

d//

o ai\ .
—Xp = Z(a;)X,'

i=1
We can take the dot product with Xy on each side to get:

d//
o i o
() = =llfall? = Y% %
: a0
i=1
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—f(y0)? =

d//

N AivA A
—[|%0l]* = Z(Q—I)Xi - %o
()%~ %0 < —flo)?

i—1 0
For at least one term on the right-hand side, we must have
d//

. Rearranging, we get:

f(yo)? A, .
37 S—(a—o)Xi'Xo
~ f(n)? < f(yo)?
e <

iy, o P
o —(a—;)Xi Ko < =X %o
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calculate:

Noting that ||%0||? = ||X||> = f()0)?, we can use this inequality to

F(y0)?(1 + ST < 1%l — 2% - & + [1%[]>

= 1% = &[* = |lxo — xil|* < ¢
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So 2f(yo)2(%) < €2. Thus:

€ 2d €
<i /= <=
fv) =3\ 75152
balls BS_I(X,').
2

So maxo<i<ar||Xi — yol| < %’ thus yp is in the intersection of the closed
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Proof of the bound

For d’ > d, Helly’s Theorem says that the intersection of d’ + 1 convex
sets in R? is nonempty if and only if the intersection of any subfamily of
size d + 1 is nonempty. So the same bound applies in this case.

2d

Thus, any simplex of R, is also a simplex of C./, provided that % >\ dr1-
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Returning to the example of the six points in R?, how long does the
complexes?

nontrivial 2-cycle in the Rips complex persist? Could it appear in any Cech
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Proof of the bound

The 2-cycle corresponding to the unfilled boundary of the octahedron
appears in the Rips complex when v/3 < € < 2.

1

®
V3
2
°
For € < € in this interval, we have:
¢ 2 2(2)

€ < V3 V241
This is exactly the bound provided by Ghrist and de Silva for d = 2, so
their theorem does not imply that the 2-cycle appears in any Cech
complex — and, indeed, it does not.
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Proof of the bound

The triangles spanned by non-adjacent triples of points don't appear in the
Cech complex until € is large enough that their neighbourhoods contain
the center of the hexagon — but then the neighbourhoods of all the other
points contain it, too, so the Cech complex is just a 5-simplex.
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d=2.

This example shows that Ghrist and de Silva's bound is tight in the case

of a regular d-simplex in RY.

In general, we can see that the bound is tight by considering the vertices
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Conclusion

The Cech complex is a theoretically reasonable model for the “shape” of a

point cloud in RY, but performing computations with it can prove
challenging.

The Rips complex is much easier to compute with, and its persistent
homology accurately models that of the Cech complex.
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Cech cohomology

The nerve of a cover has many uses outside of persistent homology.

Given an open cover U of a space X, the Cech cohomology groups of X
with respect to U, with coefficients in an abelian group G, are the
simplicial cohomology groups of the nerve of U with coefficients in G.
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Cech cohomology

If an open cover V of X is a refinement of U/, then we can define a
simplicial map g : NV — NU. Given B; € V, choose g(B;) to be any
element of U which contains B;.

If By, ..., B, span an n-simplex of NV — i.e., if they have non-empty
n
intersection — then () g(B;) will be non-empty as well, as it contains the

i=0
intersection of the B;. Thus g defines a simplicial map NV — NU.
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Cech cohomology

The definition of g invovled some arbitrary choices, but any two such
maps will be contiguous.

If g,g" are two induced maps N'V — NU, then given an n-simplex
B ={By, ..., Bn} of NV, the intersection of all sets g(B;), g'(B;) is
non-empty, as it contains the intersection of all the B;. Thus

{g(Bv), ...,&(Bn),&'(Bo), -...,&'(Bn)} is a simplex of NU having g(B) and
g'(B) as faces.

Thus, for each i/, there is a unique map of cohomology groups
H(NU; G) — H'(N'V; G) induced by the refinement of U to V.
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Cech cohomology

For each i, we have a commutative diagram of abelian groups in which the
objects are the cohomology groups H'(NU; G), where U ranges over all
open covers of X, and the maps are the maps of cohomology groups
induced by refinement.

The it Cech cohomology group of X with coefficients in G, denoted
H(X; G), is defined to be the colimit of this diagram. See Munkres for an
explicit description.
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Cech cohomology

This agrees with other cohomology theories for nicely behaved spaces;
e.g., for simplicial complexes K we have H'(|K|; G) ~ H/(K; G).

For other spaces, it may not; for instance, if X is the closed topologist's
sine curve, then H*(X;Z) ~ 0 while H*(X,Z) ~ 7Z, where H denotes
singular cohomology.
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